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Abstract: We introduce a relationship between the r-th modulus of smoothness and the K-functional of J-
peetre in this article.
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1- INTRODUCTION
K-functional peetre's is a useful tool for describing the smoothness of functions, particularly those
defined on and belonging to. For functions defined on and belonging to this article, we will prove an
equivalent between it and the r-th order modulus of smoothness.

Definition 1.1 [3]

A k-function can be defined as follows:
K,(f,t%) = infﬂ|m|geqlwm{||f — gll + t2 supj =, ||D"™ g]|}

Where g € Q. W. loc means that g is |m| times differentiable and Dlmlg is continuous in the finite
set.

Definition 1.2 [2]
Let g.(x)

g.(x)=— ( 1) k J. J.f(x+k] ZZch Ele__[ ﬂdaht

k=1 h=1¢t=1

Definition 1.3 [2]
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DPg.(0) = —s IR (D) * (D) [y -y Blks Do, Ti  6ye,). ITimy 4P (ks ) f () T, T, P o,
2- Auxiliary Results

Lemma 2.1[7]
Iff €L, (Rd).then

.(f.t) = oIS,

Lemma 2.2 [3]
iff € LY (RY) , we have

r,.(f,t) < e(P)t*t,_ (D*f, 1), .
Lemma 2.3 [1]
If f € Lp(Rd)we have

,(f,ct), < 0@)T,(f, 0),
Where ¢ € R.
Lemma 2.4 [4]

If £ €L,(RYandifs; < s, then
t,.(f, Sl)p =.(f, Sz]p

3- The Main Result
Theorem 2.1

If f € L,(RY)
Ko (£, = fyim oy oo = gl + 711 [0 g,
oK. (f, 1)y < 7,(f, 1), < 0(P)K,(f,t7),
Proof:
If f €L,(RY),
then
.. (f, 1), < o(PK.(f,t"),
By Lemma 3.1 and Lemma 3.2 we get
o.(f,)=0(-g+g1b),
so@In(f — 9.0 +1,.(9, D)y
<o) (IIf - gll, + 7D )
If f €L,(R)?,then
K.(f, 1), = c(p)T.(f, 1)
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suppose e; be the unit vectors in Ré0<s=1,

Putting f(1+b) = E(1)f(b) in Definition 2.3 , by Lemma 3.4 we obtain

17 = .1, = f fﬂ( > Y, ) [T e

=1 t=1 =1 t=1
i
< c(p)t,.(f, (n +1)s)
by Definition 2.3, and Lemma 3.4
m—f; n
||D'3g5||p*£s " f f E Ffs 6:;€ H APi(kse)f
k= 0 0 h=1 t=1 h=1 .
n T-Bi
L[] e
=1 t=1

=o(p).s71.(f (n + m)s),

let 5 = D<s<t

(n+r)?

by Lemma 3.3.3 and Lemma 3.3.4 to get
ID2g.]|, < o)t (),

If = g.ll, < cPIT(f, 1), m
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