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Abstract: we discuss an inverse estimation method for approximating functions in L p. Spherical neural
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1- INTRODUCTION
Suppose E™ = {a = (&, a5, ..., @, ): &, = 1 foreachl=1,...,m}. m € N.
We denoted algebraic polynomial with variables 0 € R by P;;(g,) for each k=12,...p
A1=12,...mw=1,..,q Pbg0.) =X, b, P (0)
ANd P o g = {1 (bg, 01, -, T (Ba, 03)) },
HZ,(S%) the class of function f for which A” f := A" 1(Af)r = 2,3, ...
W2 the Sobolev space subset of HZ.(S%) and [|A"f|l, < 1, f € H3.(S%)
And AH, = —A Hy H, € HE Ay i=k(k+d—1),k=0]1,...
l_[f class of spherical harmonics with degree k,
HE class of all SPs with degree k < s
Where [1¢ is 35 _, df = d3+* ~ 5%,
[1¢ =®;_, Hand L2(S%) = closure{®, HE}
If basis {Y;IW:I =1,.., d}f} for HZ then {Y;IW:I =01,...w=1,.., d;‘f} is basis for L2 (§%)
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2k+d—1/k+d—-1
s

df’=d5mh'f=,k+d—l k
1, k=0,

We define Laplace-Beltrami operator A [1] by
d+1
3% h(x) X
ﬂf = 1 ,h,(xj =fl:—

OX?  lxl=(xtexd ooty oo x|

i=1

Definition 1.2 [2]
Let I be an interval in R, f:1 — IR is absolutely continuous function on I if for every € = 0, there is
& = 0 for a finite sequence of (X, V) of [ where

e — x) < G then 2l f(ri) — )l < €
Lemma 1.1 [3]

Suppose ™M, P, 4, S be integers such that it + 7 = ?

2
ulog,(4s) + (u+2)log,(u+v+ 1)+ (u+v) lﬂgz(u en::v] =

m
+ 4

Then there is an absolute constant C = 0 and a vector € € E™,

c
d(1®) = dy (€, P, 5,0,q,1*) =

Where 12 = {x = (x1,%,,...):x; E RVL,X2 |x;|* < o0}
Lemma 1.2 [4]
Ift; € Rand 0 << ¢ < b then

::ilnnlbjE < ::imnlbf

Lemma 1.3 [2]
Suppose 7 = 0,d = 2, then for any @ € L? (IR) there exists a constant C depending only on d such that
1

d,(€ Py, 5,p,q,1%) = c(e)7™
Lemma 1.4 [3]
if Rh(G=1,..,d5 are univariate polynomials , €= (€y,...,€y), € =+1

df .. 2 d
_,Sr::DZ;'iJ_lE I:Jr-lj - {g- }Jj!}l = cS "J(E.
2- The Main Result

Theorem 2.1
f r=0d=1 then for any ¥ €L,(R) there exists a constant B(d) satisfy

dp (W, 95, Lp(s®) = B(p)n
Where W7 = {f: f,Af €L, f is absolutely continuous }
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Proof
Suppose 1,5 € N,m = d%*! | then there exists B < 2 such that d?*! = Bs9, suppose

i
SP, o (F(0) = Bino 212, €1 ¥ora ()
Where {€,,,;;w=0,..,5,1=1,..,d%} c E“
By definition of ¥,,,; we obtain SP, ; < []¢
Now we shall prove F € L ,||ﬂ"F||p € L, , F is an absolutely continuous

IFCOl, = =B@,sd)||%.ll, (2.2)

If ¥,,; € L, then ||F||1:I <o and F € Lp.
We have by Bernstein inequality that

IATFIl, = B(@)s*"IIFII,

By (2.1) we obtain

[[A"F||, < coand A"F € L, which implies

wIYw.!'

1
F*(x) = CS~2"m 2F(x) € W”
Now we shall estimate dist(SPg.d,ﬁﬂ.n, Lp) = SUPgesp, ; INfres, , IF — R,

e
Wehave  F() =333 €Y (x) €SP,
And we have h(x) =25, e 9wy, x) + by)
w, ERYY b c, ERE T,
Then

n

hix) = Z c,.9({a,, x;.,x)+ b,)
=1
h(x) = X0, cp9(a{xy, x) + b,),a; by, ¢ € Rx; €59
It is clear that g € Lp(de
Because 1 € Lp(]]%d) then

a4 ?
IF = hll? = \zﬁzazglewﬁw.ﬂrm—m:xj -

r

”Z;ﬂzilfw.!yw.!(x] - DZ {h ¥, ()Y, (x) — g+1z {fl Y, ()Y, (x)

r

2 e) | Zimo B € o0 D)~ 0¥, - T | e2

Using Parseval identity we get
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. g S
Ec(p]ZZ|E w, 1) — (Y, )| + Z ZI{J':.YW.J}I2
w=01=1 w=s+11=1
. b
LOPII RS
w=0[=1

Then
dp (%zr-ﬂﬁ'.n- Lp (Sd)] =

1

dp I:B (pjs_zrm_EFn.d- ﬁﬂ.n ' Lp I:de)
d
= B(p)s 7 2d,(Fra 9. Lp(SD)

d d 2r
>B(p)s e =c(p)s~nTda1 =

Theorem 2.2

if 1= s then there exist an analytic, increasing function @ € L, (S%) that is satisfied

2r
dyp (W, 9p 3, Lp(SD)~d, (W7, TIE, L3, (SF)~ n7d-1
Proof
Directly by Theorem 2.1 m
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